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INTRODUCTION

In this paper we consider different kinds of rational approximations.
In Theorem 1 we approximate reciprocals of certain entire functions by
reciprocals of exponential polynomials under the uniform norm on [0, 4 ).
We show by an example that the bound given in Theorem 1 is best possible.
In Theorem 2 we consider the question of approximating reciprocals of
certain entire functions by reciprocals of linear combinations of certain
entire functions of small growth on [0, + o). In Theorems 3-8 we consider
approximation on [0, 1]. In some of these theorems we connect the error of
the approximating function with the rate of growth of the function. These
results are the analog of the classical ones of S. N. Bernstein ([1, p. 114]).

DEFINITIONS AND NOTATIONS

Let f(z) = 3.;_0 a:z* be an entire function. As usual, we define the order p
and lower order B (0 << B < p << ) of fas

sup log* log™ M(r) _P

r-= inf logr
If 0 < p < o0, then we define the type = and the lower type w as

+
lim SUP logt M(r) _T ( 0<p <o ),
r>o inf r° w e.¢]

where M(r) = maxy, . | f(2)l.
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Define
1

)‘O.n = )‘O,n =

&) = el | T M

n(x) ”Lw[o.w) ’
1

Ro,n = Ro.n (x)

@

1
fx P e” Ly l0,1) ’
where IT, denotes the class of all algebraic polynomials of degree at most n.
Throughout our work € > 0 may be different on different occasions;
@ ,0q,0 ,...,by, b5, b;,..., ¢, , €3, C3 ..., Are suitable real constants.

THEOREM 1. Let f(2) = Yro @2, @y > 0, @, = 0 (k > 1), be an entire
Junction of order p = 2, type v and lower type w (1/25 < w < 7 < ) or
order p (2 << p << ), type T and lower type w (0 < w << 7 < ). Then it is
not possible to find exponential polynomials of the form ¥,_, bie*® (b, = 0)
Jor which
ow /nir

< e L 3)
L[0,0)

lim inf 1

no>w “ f(lx) N

Proof. Let us assume that there exist 3, bze*?, b, = 0, for which (3) is
valid. Then for a sequence of values of n

1 1 —nir
“ f(x) o S k=0 bke’“ le[o’w) < exp ( pw ) “
For every large n we can find an r such that
f(r) = exp(n’r/9pw). (5
Then, according to (4), we must have
Y bre* < exp(n®r/Tpw). (6)

k=0
First we consider the case p > 2, 0 < w < 7 < co0. That is,

log* M(r)

L lmsup —————= =171 00.
o= hr'l;‘l-»wup re <

.
0 < w = lim inf 1" M)

For each € > 0, we can find an r, = ry(e) such that for all r = re),

w(l — &) re < logt M(r) < 7(1 + €) r. @)
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Given any & > 1, we get from (7), f(r8) = {f(r)}?"0-9w/a+a7 Choose
d*w == 4r; then using (5) we get

Frdtierlig =115y = exp(4n¥(l — €)7/9pw(l + €)). ®)
On the other hand, we have by (6)

Y by explkrdifortiew1/e) = Y by explkr — kr 4 krdi/ort/ocy=1is)

k=0 k=0

< (i bkek’> exp{nr[(dro )" — 1]}

k=0

n’r 1)1
< €Xp —m— + nr[(4fw_) o — 1]
n?r
= exp ; o + nrcos. ®

From the assumption that fis of positive lower type w, we get for all large
r == ry(€) along with (5),

exp(nir/9pw) = f(r) = exp(Pa(l — ¢)). (10)
From (10), we obtain
r < (Pr9pwi(l — e, (11)
From (9) and (11) we get

n 2 2 1/0
e n2r nir
k;ﬁ by, explkr(drw)1/°} < exp %_——7pw +n (—————-—9Pw(l — e)) cos. (12)
From (9) and (12), we get at x = r9,

2

—4n%(1 — e)r)

exp ( ) < exp (—”"CO - %) P (m

<(1/% bee) — (ircesy. )
%=0
Clearly (13) contradicts (3), hence the result is proved. Similarly for p = 2

and w > 0.04, we get the result. Q.E.D.

The assumption w > 0.04 can be relaxed to w > 0, with a careful selection
of f(r) in terms of n.
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Remarks. (1) 1t is interesting to note that the bound in Theorem 4 is
essentially best possible. For example, let

f0) = ¥ (e,

This is an entire function of order p = 2, 7 = w = }. For this function
by the usual technique (cf. [3]), it is easy to show that

1/n2

. 1
lim sup < e V2

[~
w0 T, ()

Lyl0,)

Hence our bound is best possible and we have thereby proved: There exist
exponential polynomials g,(x) = X1 :e*® for which
1/n?

o 1
) TR, aer

lim = e/

n-om

Lf0,00)

(2) There is no analog of Theorem 1 for entire functions of order
p = 2 and type 7 = 0. For example, let

f(z) =1 + i (ezk/(112233 .o klc))

It is not hard to verify that this is an entire function of order p = 2 and
type = = 0. For this function, using the methods of [3], it is easy to show that

1/n2%logn 1

1 1
Tho @€ f(X)

im s
sy su |

S .
Ll0,0) €

This clearly contradicts Theorem 1.

(3) The following example suggests that the assumption p = 2,7 >0
is not sufficient for the conclusion of Theorem 1. Let

f@ =73 (e¥/e™), 0=po <pr <pp <+ <pp <~y
k=0

}3—% (Prsa/pr) = o0.

This is an entire function of order p = 2 and type = > 0. For this function
we can show easily

. 1 1 /et
lim su

n->0 P “ ZLO (e”’c/e”k2) B f&x)

Lalo.o)
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As usual,
1 1 oo‘ 5P
— < =
0SS @e s e <k, o
_ s e (i eXpX( Pri1+i = Pni1) )
A e \i S exp(pl . — Phyy)
Now let
ea: < el?n+1 [1 . ( Dn )2 log ( DPry1 )2]1’"“.
pn+1 pn
Then clearly
0< 1 — ! <C ( Pn )2”"2 (A)
AN CE S B N S B ' !

On the other hand, for

" > gPr+l [1 _ ( DPn )2 log ( Dni1 )2];,"“’

Dni1 n

1 1
0SS e ~ 7o)

2
o
e’r

< eXP(Pn2 _ pnpn+1) . (A )
€%Pn (1 — 2pn/ppi1)* 108(Pra/Pw) ?

From (A,) and (A,) we get the required result.

There exist entire functions of infinite order whose reciprocals can be

approximated by reciprocals of exponential polynomials with an error
cnogn (0 < ¢ < 1). For example, let

«© ) b ekz
f(Z) E=S 2 akzk =1 + ;;1 7l0g2310

3 ... [logk *
k=0 & k

This is an entire function of order p = co. By the usual method, it is not hard
to show that

limsup”Zn L -
k

’1 /nlogn
o> =0 akekx f(x)

‘Lol0,)

Now we consider the question of approximating reciprocals of certain

entire functions by reciprocals of linear combinations of entire functions of
small growth.
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THEOREM 2. Let f(z) = Yro @iz, ay > 0, a;, = 0 (k > 1), be any entire
JSunction of order p (1 < p < o), type 7 and lower type w (0 < w < 7 << o0).
Let ¢(z) be any transcendental entire function with nonnegative coefficients
satisfying the assumption that

0 < 11_)% (logt My(r)/(log r)®) = 0 < 1, where My(r) = IIVIISZ( | $(2)1.

Then for every g.(x) = Sro bi{P(x)}%, with b;, = 0, we have

.. 1 o/N
lim inf

1
P H f&) 3, b ey

> e~ (14)

Ll0, )

where N = n(log n)(log log n).

Proof. Let us assume (14) is not valid; then for infinitely many #,

By assumption, f(z) is of order p (I < p << o), type = and lower type w
0 <w<7r<w),ie,

1 1
“ fo oo bl

log* M(r)

0 < w = lim inf L limsup —2——= = 7 < 0.
r>m re

From this we get, as earlier for any « > 1, and for all r > ry(e),

flra) = {f(r)jeri-a/ttar, (16)

For every large n > #, we can find an r such that

1 logl N
f(r) = exp [(log nzlng og njr = exp 4P:) . (17
At that point
ga(r) = Y, bi{$(r)}* < exp(N7/3pw). (18)
k=0
If (18) is not true, then
gx(r) = exp(N7[3pw). 19)

1t is easy to verify that (17) and (19) contradict (15); hence (18) is valid.
Choose wa® = 47; then we get from (13) and (14)

f(ra) = exp(N7(1 — /(1 + €)pw). (20)
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On the other hand,
8 = 3, BB e

By the hypothesis of the above theorem for all r > ry(e),
exp[0(1 — e)flog(ra)}*] < $(ra) < explf(1 + e)flog(ra)}’].
From this it is easy to deduce that
$(re) < {p(r)}+/0=) exp[[6(1 + €))[(log x)* + 2log rloga]]l. (22)
From (21) and (22) we get

galre) = 3 buld(ra))*

k=0

< f: bi[$(r)]*+/0-<) exp[(log «)* +- 2(log x)(log r)]k

< exp[(log ®)* + 2(log w)(log r)ln ). bi{P(r)}H+or/a-a.  (23)
k=0
We choose € so small that
Y bi{d(r)yi+ok/i-a < exp(N7/3pw)  (cf. (18)). (24)
k=0
By assumption, f(z) is of positive lower type w; therefore we have for all
r == r¢(e) along with (17),
exp(rro(l — €)) < f(r) = exp(Nt/4pw).

From this we get
r < (N7/dpw?(1 — e))'/e. (25)

Now by (23), (24), and (25) we get

gn(re) < exp HZ—;— + (log o) [(log ) + 2p7 log (4_/ow—2(]\'1[1——e)“)]$

(26)
From (20) and (26), € being very small, we get
—N7 —N~ —Nr(1 — ¢)
exp( pw ) <exp( 3pw —L)——exp( pw(l + €) )

1 1
S SEReOF T @
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where

L = (log ®)? 4 2(log «) [log (TﬁwTévlT——_e—)_)] pL

This clearly contradicts (15); hence the theorem is proved.

Remarks. (I) There exist entire functions of infinite order, whose
reciprocals can be approximated by reciprocals of ¥, _o {#(x)}*(k!)-! on

[0, + o), with an error ¢* (0 < ¢ << 1). For example, let

1@ = ¥ ($K,

where

$(z) = 1+ i (28/(112238 -+ i¥)).

Clearly f(2) is an entire function of infinite order. We can show easily that

. 1 1 1/n
fim sup “ 7O S GPOTRY o =
Asusualfor0 < x < r,
1 L _ 5 {qs(r)}k .

<
S ye {0k T F (X) it
For sufficiently large #, it is easy to see that

¢(r) ~ exp((log r)*/2(log log r)).
Set
exp((log r)?¥/2 log log r) = njec,

where ¢ > 1 and satisfies e® > 2¢¢nee,
A simple manipulation based on (B,), (B,), and (B;) gives us

2 o bl e <2

On the other hand, for x > r,

0 < 1 1 1

S S APOTEY T S, (HOTKY S Fr — o

(By)

(B2)

(Bs)

(By)

(B5)
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By assumption,
f(2) = expl¢(2)];
hence
(log r)® )]

fr) ~exp [exp ( 2loglogr

Therefore we obtain from (B;) and (B,)

i{qb(r)} e T O

k=n-t1
n
> exp (E) — = (Be)

Now the required result follows from (B,), (B;), and (Bg).
(I) There exist entire functions of the form

{$2)*

f(Z) =1 + st 3(10g3)10g10g34(10g4)10g10g4 «+e Je(log k) loglogk

where
H) =1+ 3 Ge

In this example f(z) fails to satisfy the assumptions of Theorem 2, because
p = 1 and = = 0. But ¢(2) satisfies the assumption of Theorem 2, since

lim (log M(r)/(log r)®) = 1.

By using the technique of [3], it is easy to show that

1 1/n({logn)loglogn 1
lim sup <

1

e | 7y {CrYe)

Recently much attention has been paid (cf. [3-5]) to approximating

reciprocals of certain entire functions by reciprocals of polynomials under

the uniform norm on [0, 4+ o). However, not much is known about the

corresponding question on [0, 1]; of course, all the upper bounds that are

valid for [0, +c0) are valid for [0, 1], but we look here for better bounds.
We prove here the following.

B

Le[0,0)

THEOREM 3. Let f(2) = Yy o a2, ay > 0, a, = 0 (k > 1), be analytic
in a disc of radtus q > 1. Then

lim sup [Ry ,]'/" < 1/q. 27N
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Proof. Since f'is analytic, given any € > 0, such that ¢ — e > 1, we can
find an ny = ny(e), such that for all n > ny(e), we have

lan| < (g — ™ (28)
From the definition of R, , , we have

[ee]

Ron < 3 laxlag” (29)

k=n+1

From (28) and (29), we get for all large n > n,,

o0

Row <ap> Y lapl <a(g—e™g—e— 1™ (30)

k=n+1

Since e is arbitrary, (27) follows from (30).

Remark. 1f g = oo, then lim, ., [R, .J'/* = 0

THEOREM 4. Let f(x) be a continuous function (s 0) defined on [0, 1].
If there exist polynomials {P,(x)}n.o such that

1/n

LI
fx)  Pu(x)

lim
nox

=0, €2Y)

Lylo,11

then f is the restriction to [0, 1] of an entire function.

Proof. The proof of this is very similar to the proof given for
[5, Theorem 3] except that here we consider the interval [0, 1], whereas in [5]
we considered the positive real axis. Q.E.D.

THEOREM 5. Let f(2) = Yr o @z, ag > 0, a;, = 0 (k = 1), be an entire
Junction of order p (0 << p < ©). Then

hm su M —
now ¥ Tog[l/Ron  ©

Proof. As earlier,
@0

Ro,n < Z l aj | a62~ (32)

k=n+1

Since f'is an entire function of order p (0 < p < ), for each ¢ > 0 there
is an n; = m(€) such that [2, p. 8] for all n = ny(e), -

| @n [t/" << 1 ntiee, (33)
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From (32) and (33), we get
[Ro. 11" < Cyfnt/ote, (34)
from which it is easy to infer, € being arbitrary,

lim sup (n log n/log(1/R,,.)) < - (35)

From (35), we have for all large n = nye),
Ro.n < C7n—n/n+s_

Since f(x) is entire, having nonnegative coefficients, we have for all large
n > ny,

0 <f(x) <f(l) <C, < Cpiote <Ry, 0<x<L

Now let us pick P,* e IT, which gives least error in the sense of (2); then

1 |
Ro = | 765 = 7 (36)
A simple manipulation based on (36) gives us
—/*) ) L)
< o<x<1.
MR + 7 = P70 =1 < 7R,y =70 x
(37)
From (37), it is easy to obtain that
| Pp* — f”L[oﬂ\'—“—C—d— 0<x<1. (38)
® (1/Ry.n) — Cs5”° N
Let
En= jof (/= Pullfon- (39)
Then from (38) and (39) we get
E, < Cyf((1/Ro.n) — Cy). (40)
A simple calculation based on (40) gives us
E, < CsRyn - (41)
From (41) we get
_nlogn nlogn
NP Tog(l/Ey) S P Tog(l/R, ) “2
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If f(z) is an entire function of order p (0 < p < o), then for any finite
interval, it is known [6, Theorem 1] that

lin’}%iup (nlog n/log(1/E,)) = p. (43)
From (35), (42), and (43) we get the required result, Q.E.D.

THEOREM 6. Let f(2) = X5 0@z, ag > 0, and a, =0 (k > 1), be an
entire function of order p (0 < p <C 0), type 7 (0 < 7 < ). Then

lim sup (n/pe)[R,,,]*/" = 747" (44)

Proof. Let g,(x; 1) e =, denote the best Chebyshev approximation to f°
in [0, 1], i.e.,

I/ — qa(x; Dllz 001 = qilg 1f— onllrfom = En .
Further, let
Pux;1) =qu(x; 1) + E, for every n > 0;

then it is known [5, p. 181] that

”7(1?)’ P_n(i_]))] < 2%E,, xelo,1].

From this we get
Ry < 2E,a,% (45

Since f(z) is an entire function of order p (0 < p << w)type 7 (0 < 7 < ®),

lim sup (n/pe) E; = 74~ 1 (cf. [6, Theorem 3]). (46)

From (45) and (46) we obtain ,
lim sup (n/pe)[Ro,n]*/" < 747 (47

On the other hand, we get from (41) and (46),
lim sup (n/pe)[ Ry, 1"/ = 747, (48)

We have the required result, (44), from (47) and (48).

! The interval considered in {6, 71is [—1, 1].
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Remark. 1If f(z) is of perfectly regular growth (p, r) (cf. [7, p. 45]), then
we can replace lim sup by lim in (44). This follows easily from (41) and (45)
of Theorem 6 along with (43) of [7].

THEOREM 7. Let f(2) = Ypo @u2®, @y > 0 and a, = 0 (k = 1), be any
entire function. Then for all large n,

log Ry, ~10g E, .
The proof of this follows from (41) and (45). Q.E.D.

THEOREM 8. Let f(2) = Yo arz*, @y > 0, a, = 0 (k = 1), be an entire
Junction satisfying the assumptions that

log* logt M(r)

I < lm,LiuP Tog log 7 =/A-+1 < o0,
. log* M(r
0 < ll[ggupzl‘gg—r)/l% = 73 < 0.
Then
lim sup nttt (A4 1
noo - [log 1/Ry, 414 A4 '

The proof of this follows from (41) and (45) by using Lemma 7 and Theorem 7
of [6].
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